We derive a worldline path integral representation for the effective action of a multiplet of Dirac fermions coupled to the most general set of matrix-valued scalar, pseudoscalar, vector, axial vector and antisymmetric tensor background fields. By representing internal degrees of freedom in terms of worldline fermions as well, we obtain a formulation which manifestly exhibits chiral gauge invariance.
Introduction
The worldline path integral reformulation of quantum field theory produces an efficient alternative way of evaluating one loop Feynman diagrams and effective actions. The worldline formalism has a long history [1] ; its close connection with string theory was studied in [2] and its use in the study of anomalies was demonstrated in [3] . The approach has known a revival of interest over the past few years, once it was realized that it gives rise to an improved method for computing large numbers of complicated Feynman diagrams [4, 5] .
Most of the investigations, though, have concentrated on QED-type diagrams with electrons and photons, and on QCD-type diagrams with gluons, ghosts and vector-like quarks [4, 5] ; only recently has a stronger interest developed in effective actions for fermions coupled to other fields as well. The case of couplings to a single scalar and pseudoscalar field was presented in [6] , while the case of matrix-valued scalar, pseudoscalar and vector gauge fields was treated in [7] ; the couplings to a single scalar, pseudoscalar, Abelian vector and Abelian axial vector have been recently discussed in [8] , while the antisymmetric tensor coupling is discussed in [9] .
More specifically, in our preceding work in Ref. [7] , we derived, in a systematic way, the worldline path integral representation of the (one-loop) effective action for a multiplet of Dirac fermions coupled to general matrix-valued scalar, pseudoscalar, and vector gauge background fields. In a perturbative expansion in weak background fields, the real part of the Euclidean effective action generates Feynman graphs with an even number of γ 5 -vertices while the imaginary part generates graphs with an odd number of γ 5 -vertices.
Real and imaginary parts of the (Euclidean space-time) effective action are reformulated in terms of worldline fermion integrals with anti-periodic and periodic boundary conditions respectively.
In the present paper, we use and extend the technology developed in [7] to derive systematically the worldline path integral representation for the effective action of a multiplet of Dirac fermions coupled to the most general set of matrix-valued scalar, pseudoscalar, vector, axial vector and antisymmetric tensor background fields. The presence of both vector and axial vector couplings allows us to deal also with chiral fermions, which is required in the study and computation of Feynman amplitudes in electro-weak theory and in grandunified models. With the further presence of antisymmetric tensor background fields, we complete the list of all possible couplings of fermions to fields of spin less than or equal to one. Furthermore, when fermions are coupled to background geometry, i.e. background gravity, couplings to antisymmetric fields naturally appear through the appearance of the spin connection.
The effective action for fermions in the presence of this general set of background fields is again obtained as the sum of real and imaginary parts, which are represented as path integrals over worldline fermions with anti-periodic and periodic boundary conditions respectively. This sum over different boundary conditions is analogous to the sum over spin structures familiar from superstring theory rules. Throughout, we shall seek to maintain chiral (gauge) invariance as much as is possible.
The real part of the effective action admits a completely chiral invariant formulation, while the imaginary part -which gives rise, amongst other contributions, to chiral anomaliesadmits a formulation that involves an interpolation between chiral invariant Lagrangians, but is not itself manifestly chiral invariant. The imaginary part also requires an additional insertion operator (analogous to the worldsheet supercurrent insertion in superstring theory [10] ), which converts the worldline fermion zero modes into a space-time Levi-Civita ε tensor.
The remainder of this paper is arranged as follows. In Sect. 2, we express the fermion effective action in terms of a functional determinant of the Dirac operator O, suitably continued to Euclidean space-time. In Sect. 3, its real part is reformulated in terms of a path integral involving worldline fermions over anti-periodic boundary conditions, and with manifest chiral (gauge) invariance. In Sect. 4, its imaginary part is re-expressed in terms of an integral over worldline fermions involving period boundary conditions, but manifest chiral (gauge) invariance is lost here. In Sect. 5, we show how the internal degrees of freedom can be represented by a new set of worldline anti-commuting degrees of freedom. In this way, the final worldline Lagrangians may be expressed as c-numbers.
In Appendix A, we present an alternative reformulation of the imaginary part of the fermion effective action, in terms of a worldline path integral which is manifestly invariant under vector-like gauge transformations, and is closer in spirit to our construction in [7] .
Effective Action
We study the effective action of a multiplet of N Dirac fermions coupled to the an arbitrary set of matrix-valued scalar Φ(x), pseudoscalar Π(x), vector A µ (x), axial vector B µ (x) and antisymmetric tensor K µν (x) background fields. The most general, CPT invariant, classical fermion action is given by *
The background fields are Hermitian; coupling constants have been absorbed into the definition of the background fields; the superscripts, I and J, refer to the internal quantum numbers of the fermion multiplet and of the matrix-valued background fields. We might expect the presence of a further coupling term in (2.1) of the form γ 5 γ µ γ ν K ′ µν with an additional background field K ′ µν . However, this term need not be included, as it is simply related to the K µν term already present in (2.1) . This fact can be seen from the identity 2) whereK is the dual of K. The largest internal unitary symmetry group of the action S is U (N ) L × U (N ) R , obtained e.g. for zero background fields; more generally, we shall assume
3)
The complex antisymmetric tensor field K s µν is "self-dual" withK s µν = iK s µν and provides a decomposition of an arbitrary real antisymmetric tensor into complex conjugate selfdual and anti-self-dual components :
for fermions in the presence of the above background fields may be defined by a functional determinant in Minkowski space-time
To utilize heat-kernel methods we first analytically continue the theory to Euclidean space as in [7] . Although the γ-matrices are unaffected by the continuation, it is useful to change notation to Hermitian generators of an Euclidean Clifford algebra,
From the Wick-rotation, t → −it, it follows that
* Here, the Minkowski space-time metric η has signature (+ − − −) and we make use of the standard conventions {γ
, and ε 0123 = −ε 0123 = 1.
The expression (2.4) for the fermion effective action translates into the following Euclidean space-time functional determinant form : (2.6) where the operator O is defined by †
As in [7] , it is convenient to split the effective action into its real and imaginary parts :
Under parity transformations, both contributions are separately invariant.
A perturbative expansion in weak fields reveals that graphs with an even number of γ 5 -vertices are real and contribute to W ℜ while those with an odd number of γ 5 -vertices are imaginary and contribute to W ℑ .
Worldline Path Integral for the Real Part of the Effective Action
We propose to obtain a worldline path integral formulation for W ℜ with manifest chiral gauge invariance, and a worldline Lagrangian that is even in worldline fermions. First, we double the fermion system in terms of a Hermitian operator Σ, as in [7] :
We introduce six-dimensional Hermitian Euclidean Γ A matrices, satisfying {Γ A , Γ B } = 2δ AB I 8 , for A, B = 1, ..., 6, and choose a basis where *
For later use, we also introduce the Hermitian matrix Γ 7 with
3) † Henceforth, space-time is taken to be Euclidean and the subscript E is dropped.
Also, p = −i∂ is the momentum conjugate to x, both of which are Hermitian operators.
* We take a basis where
The operator Σ is simply expressed in terms of Γ-matrices, in analogy with [7] :
The form of Σ in (3.4) does not exhibit manifest chiral covariance, since the vector and axial gauge fields multiply independent Γ-matrices. To circumvent the problem, we notice that iΓ 5 Γ 6 has eigenvalues 1 and −1, and that within the corresponding eigenspaces, gauge fields couple in a manifestly chiral way through A ± B. Thus, to render the chiral covariance manifest, we re-label iΓ 5 Γ 6 as an internal quantum number. This reduces the Clifford representation in (3.4) to a four-dimensional one, but doubles the dimension of the internal quantum numbers. This re-interpretation is equivalent to re-labeling all righthanded Weyl fermions as charge conjugates of left-handed Weyl fermions.
To render this re-labeling more explicit, it is convenient to work in a new Γ-matrix basis, with matrices denoted by M −1 ΓM and arranged so that M −1 iΓ 5 Γ 6 M is simple :
In this basis, the operator Σ takes on a manifestly chiral invariant form, as can easily be seen by expressing it in terms of the chiral fields of (2.3) :
To represent the operator Σ in terms of a worldline path integral, we must find a representation of γ µ and γ 5 in terms of coherent states. But, we know from the analysis of [7] that this representation cannot be achieved in terms of 4 × 4 matrices. Instead, we shall double up the fermion system once more to achieve a good coherent state representation of the Clifford algebra.
The simplest way to achieve this is by replacing the 4×4 Clifford matrices γ everywhere in (3.6) by the 8 × 8 Clifford matrices Γ, as defined in (3.2) . The new operator, thus obtained, will be denoted byΣ, and we have
The 2N × 2N Hermitian background fields are defined in terms of the chiral fields of (2.3)
Finally, the operatorΣ is manifestly chiral gauge covariant, which will guarantee that the real part of the Euclidean effective action is manifestly invariant.
To obtain a well-defined heat-kernel regularization of the determinant defining W ℜ , we replace the self-adjoint operatorΣ by its square, which is automatically positive, and 10) where the operatorΣ 2 works out to bẽ
denotes the anti-symmetrized product of k Γ matrices. Covariant derivatives and fields strengths have been defined relative to the field A µ : .12) and similarly for D µ K ρσ . We have now achieved a second order formulation of the fermion determinant problem that manifestly exhibits the chiral gauge symmetries of the original Lagrangian while only involving terms that are even in the number of Γ a matrices a = 1, · · · , 5, and it remains to derive a worldline path integral formulation for it.
In a preceding paper [7] , we constructed a worldline fermion reformulation of the Clifford algebra with the help of the coherent state formalism. We showed that under this correspondence, Γ A Γ B → 2ψ A ψ B , when A and B are different; analogously, it is equally easy to show Γ A Γ B Γ C Γ D → 4ψ A ψ B ψ C ψ D , when A, B, C and D are all different. By inspection of (3.11), it is clear that these are the only Clifford multi-linears needed to express W ℜ as a path integral involving worldline fermions. Since each term inΣ 2 is even in powers of Γ-matrices, we are guaranteed that our final worldline Lagrangian will have even Grassmann grading as shown in [7] . † We denote by Tr functional traces of operators and reserve tr for traces of finite dimensional internal matrices.
Denoting the dependence of the operatorΣ 2 on momentum, background fields and the matrices Γ a , a = 1, · · · , 5, byΣ 2 (p, A, H, K, Γ a ), the trace of the exponential in (3.10) may easily be written with the help of the formalism of [7] :
Here, P and tr denotes path ordering of and tracing over internal representation matrices. In Sect. 5, we shall show that the trace may be recast in terms of worldline Grassmann integrations as well. The boundary conditions on the worldline loop are periodic for x, while anti-periodic (AP) for ψ a . Notice that ψ 6 does not enter inΣ 2 and may be integrated out of (3.13); thus, the measure reduces to Dψ = Dψ µ Dψ 5 .
The terms in the path integral which involve the momentum function p may be rearranged by completing the square in p. Using the results of Appendix A in [7] , the momentum may then be decoupled from all fields by a suitable shift † and yields a simple field-independent normalization factor N .
As a result, we find the following path integral representation for the real part W ℜ of the effective action
The worldline Lagrangian, L(τ ), is given by
The path integral of (3.15-16 ) is manifestly chiral gauge invariant. When H = K µν = 0, the fermion multiplet is massless, and the worldline Lagrangian in (3.16) correctly reduces to the standard form [5, 7] for a 2N -component multiplet of massless fermions coupled to a background non-Abelian vector gauge field, A. † Since the shift here involves worldline fermions it must actually be performed at the level of the Γ-matrices.
The perturbative expansion of the path integral (3.15) proceeds by decomposing x(τ ) = x ′ (τ ) + x o , where the zero mode x o is constant and x ′ is orthogonal to constants.
The x ′ and ψ A propagators are :
The normalization of the Dx integral produces an extra overall factor of 1/(2πET ) 2 , while the fermion integral produces an extra overall normalization factor of 8, accounting for the dimensionality of the Clifford algebra.
Worldline Path Integral for the Imaginary Part of the Effective Action
In this Section, we propose to obtain a worldline path integral formulation for the imaginary part of the effective action W ℑ . While it is not possible to preserve manifest chiral invariance for W ℑ , (which generates, amongst other things, the chiral anomaly), we shall seek a worldline Lagrangian that is as close as possible to the one for W ℜ , with as much manifest chiral symmetry as possible. First, we double the fermion system in terms of a non-Hermitian operator Ω, as in [7] :
The matrix Ω is simply represented in terms of the Γ-matrices of (3.2-3) and we have
Next, as in Sect. 3, we need to re-interpret iΓ 5 Γ 6 as an internal quantum number, which will reduce the dimension of the Clifford matrices back to 4 × 4, and which will double the dimension of the internal degrees of freedom. Then, as in Sect. 3, we shall have to double the system once more to obtain a good coherent state representation for the Clifford algebra. In the present case of the operator Ω, this procedure is complicated by the presence of Γ 7 , and some additional care is needed here.
To exhibit these operations most clearly, it turns out to be most convenient to double the system first, and then transform to a basis where the ±1 eigenvalues of the doubled Once this form is obtained, we may re-label the eigenvalues of the doubled iΓ 5 Γ 6 as internal quantum numbers, and re-express the operatorΩ in terms of the 8 × 8 Γ-matrices, defined in (3.2) and the chiral fields defined in (3.9) . The result is conveniently re-expressed in terms of the operatorΣ of (3.8)
Here, the operatorΣ c stands forΣ of (3.8) , in which the fields A, H and K have been replaced by their chiral conjugates. This transformation amounts to letting A
† and yields the following fields
The matrix χ acts only on internal degrees of freedom, and in this basis is given by
We are now in a position to evaluate the functional determinant of (4.1). As in [7] , we shall make use of the heat-kernel regularization for the arg-function,
The new operatorΣ 2 (α) depends on the parameter α, and is defined bỹ
To computeΣ 2 (α) , it is helpful to observe that
(4.9) † This same procedure could have been used for obtainingΣ in the previous section but as we showed it was possible to obtainΣ in an equivalent but more direct way.
Furthermore, as explained in [7] , due to the symmetry of the α-integration, the factor of iΓ 5 Γ 6 Γ 7 χ, which appears in the commutator [Ω,Ω † ], is immaterial and may be omitted in the calculation ofΣ 2 (α) . Finally, the overall factor of iΓ 6 Γ 7 cancels out of the square inΣ 2 (α) . Putting all together, we discover thatΣ 2 (α) in the integration in (4.7), can be re-expressed in terms ofΣ of (3.8) , but where the fields Φ, B and K have been rescaled by a factor of α :Σ Notice that for α = 1, we recover the original fields, and the original operatorΣ 2 of (3.11), while for α = −1, we recover all fields with chirality reversed, and the operator (Σ c ) 2 , defined through (4.5).
Next, we derive an expression for the insertion operator (Ω 2 −Ω †2 ) in (4.7) . From the structure ofΩ in (4.4), it appears natural to break up the operator as
The reduced insertion operator ω may easily be worked out in terms of the chiral fields of (3.9), and we find The heat-kernel representation of (4.7), with the above results givingΣ 2 (α) and the insertionΩ 2 −Ω †2 in terms of Γ-matrices, allows for an immediate coherent state reformulation. As we have shown in [7] , Γ A , A = 1, · · · , 6 is represented by √ 2ψ A , while the overall factor of Γ 7 acts as a fermion number operator and flips the worldsheet fermion boundary conditions to periodic ones. Putting all together, we obtain
(4.13)
The boundary conditions on the worldline loop are periodic (P) for both x and ψ A . The ψ 6 insertion may be integrated since it is absent fromΣ 2 (α) and ω; this allows us to change ψ AψA → ψ aψa and view the measure as Dψ = Dψ µ Dψ 5 . Now by shifting the momentum integration as in the Sect. 3, we obtain
The worldline Lagrangian, L (α) (τ ), is given in terms of the worldline Lagrangian of the previous Section, L(τ ), by
The insertion operator,ω, is given bȳ
It is clear that the introduction of the parameter α breaks the manifest chiral invariance, but it seems that this is the price to pay for obtaining a well-defined heat-kernel representation of W ℑ .
In [7] , we discussed the perturbation expansion of (4.14), and we quote some of the result here. Formulas for the bosonic sector are given exactly as in (3.17) . Writing ψ A (τ ) = ψ 
(4.18) † In the insertion, the shift of the momentum by non-commuting background fields must always be performed under the anti-commutator.
The integration over Dψ ′ produces an extra overall normalization factor of −1. The integration over the worldline fermion zero modes is given by (4.19) where our Euclidean space convention for the Levi-Civita tensor is ε 1234 = 1.
Worldline Treatment for the Internal Degrees of Freedom
To complete our analysis, we derive the worldline formulation that also promotes the internal degrees of freedom into Grassmann-valued integrals. This representation has already been discussed extensively in the literature [1] , but we shall give an independent derivation of it here. We begin by showing that the trace of the path ordered exponential over an n × n Hermitian traceless matrix M (τ ),
may be re-expressed as a worldline path integral
The summation symbol ϕ may either be taken to be the integral over the angle ϕ from 0 to 2π, or, in the case of n × n matrices, the sum over the values 2πk/n with k = 1, · · · , n, in either case, suitably normalized to unity. The ϕ-integration (or sum), must be included to properly project the intermediate states in the path integral on coherent states of occupation number 1. (When the discrete sum is used, this projection is analogous to the GSO projection in string theory.) The operator λ † λ in the exponent of (5.2) may be inserted at any arbitrary value of τ which we shall take to be τ = 0.
To show (5.1), we may perform the integration over λ and λ † explicitly and obtain:
We evaluate the functional determinant in (5.3) as the infinite product of the eigenvalues of the operator
T with anti-periodic boundary conditions on the eigenfunctions. This leads to Now, we could have perfectly well used periodic boundary conditions for the integration over the worldline fermions λ and λ † in (5.2) . In this case, the path integral (5.2) would reduce to the path ordered exponential (5.1) provided we replace the normalization of (π/T ) n in (5.2) by −(2π 2 ) n .
If there is an insertion in the trace, our method easily generalizes to give tr ω(0) Pe 7) where N BC = (π/T ) n or −(2π 2 ) n depending on whether the boundary conditions for λ and λ † are anti-periodic or periodic, respectively.
We may now recast our previous results for the path integral reformulation of the oneloop effective action where the trace over internal degrees of freedom shall be represented by a worldline path integral over a multiplet of 2N worldline fermions, λ. Combining the real and imaginary parts of the effective action obtained in the previous two Sections with a sum over the boundary conditions (BC) of the worldline fermions, namely periodic (P) or anti-periodic (AP) boundary conditions on the worldloop gives Recall thatω(τ = 0) is the previous worldline insertion defined in (4.16) and χ is the fermion number defined in (4.6 .
Letting λ transform under the representation (T L ⊗ 1) ⊕ (1 ⊗ T R ) of the chiral gauge group G L × G R , it is clear that for α = 1 these Lagrangians are manifestly G L × G R invariant.
